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Path Integral Evaluation of the Eta Function

D. G. C. McKeon' and T. N. Sherry>

Received January 15, 1993

In a three-dimensional model in which the gauge group does not commute with
the Lorentz group, we demonstrate how the phase associated with the one-loop
effective action (the » function) can be computed by considering a quantum
mechanical path integral.

When one uses background field quantization (DeWitt, 1967; Abbott,
1981) the one-loop effective action I"") is given by the logarithm of a
functional determinant (DeWitt, 1967),

I'Y=Indet '? H (1)
If H is not an elliptic operator, then (1) is replaced by
I'Y=Indet~'* H? (2)

In making this replacement, a phase may be lost, as H may have negative
eigenvalues. This phase can be evaluated by determining 5(0), where n(s)
is defined by (Gilkey, 1984; Witten, 1989; McKeon and Sherry, n.d.)

1 = —1)/2 —H%
:7(s)=—————ms+1)/2)j0 dri D2t He (3)

If a parameter 4 is inserted into H so that when A= 1, the original function
H is recovered, then (Gilkey, 1984)

dni(s) - - s—1)2 @ —H%
= _F((s+1)/2)-[o dr ¢ =1 tr(d. e ) (4)
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This expression has been used by Birmingham etz al. (1990) to determine
the # function in Chern—Simons theory,

In this paper we apply (4) to compute the # function in a model whose
classical action is (McKeon, n.d.)

cl_fd )Cﬁm[,»},(TmC 5,, e 364 ”Tﬁva/l) (S)

[If the field T, is decomposed
Tuv:¢5uv+Ap8upv+Tuv (Tyvztv;u Tuu'_‘o) (6)
then the gauge transformation

=(0,0,,+2T,,¢8,,)0,=D,,(T)0, (7)

pYvi 1o Cvap

under which (5) is invariant mixes ¢, 4,, and 1,,, showing that the
Lorentz group does not commute with the gauge symmetry in this model. ]

We quantize by splitting 7', into a classical background C,, and a
quantum part Q,, (DeWitt, 1967). With the gauge-fixing action

Su=2 | d*x B,D,,,(C)0, (8)

the bilinears in the effective action S, + Sy lead to a contribution to H in
(1) given by

8., D -D
H ) — [ Capr ™ pBo auv) 9
of, i 78, v ( Dyp& 0 ( )
so that
H -Cgl:<_5a§DPﬁaDP(sl+28ﬁth&Ki _Eapvgﬁchwcp> (10)
aff, s &, EyorCprx thv Dwé Dyé)
where

DfﬂéDaéc - -Doc[iéDi(SC = 28ﬁ{t(cu‘r,é - Cfr,a + 28#\;1: Ca/,z Cfv)
=2ep, Fooe (11)

In evaluating the right side of (4) in this model, we must compute the trace
of the matrix element

M(x, y)= (x| —*e‘H 1y

_ dH ,(x)

= a e~ |y (12)
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We can now apply the quantum mechanical path integral (Itzykson and
Zuber, 1980, p. 432)

F={xl exp{ — [4(p— A(x))* + V(x)11} |9
=P [ Dgexp [ de [~14(0)+id(g(0) - 4()~ V(g()]  (13)
q(0) =y, q(t) = x, P path ordering

to determine this matrix element in much the same way as in McKeon
(n.d.), Strassler (1992), and Polyakov (1987), where Green’s functions were
evaluated using this technique. The advantage of this approach is that no
loop momentum integrals are encountered and that no three- or four-point
couplings occur.

We start by making the expansion

F=[ Dgexp [ de [~ 407G i 1 [ e Uitz -6~ Vigte)))

(14)
We now make the plane wave decomposition
ig(t;) - A(q(z,)) = ig(z,) - & exp[ik’ - q(1;)]
—exp[i(g(t;) - &'+ k- q(7,))] (15a)
Vig(r)))=v"exp[ik’-q(,)] (15b)
[In (15a) only terms linear in sL are kept.] This reduces (14) to
N 1 . N t
F= E fquxpf d‘c[—zq(r)] 111 jo dr;
X {exp i r dr [k0(r—1,)—ed(i—1,)] q(7)
4]
—vexp ij' & [ko(t—1,)] -q(r)} (16)
0

Each term in (16) can be evaluated using the standard D-dimensional
result (Itzykson and Zuber, 1980, p. 432)

[pgexp [ de| ~3 ) 30040 | o 1) (17

1
(2n (2n1)P?
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where

I(t)=ﬂ+ljtd‘r [xt+ y(1—1)] - (r)—lj'dz de' y(1) -y(2") Gz, ©')
77 o Y v 2 Y Y s

where

i

1 o1
G(r,r’):—z— T —1] —E(r+r’)+—ftl
As we only need #(0), it is necessary to consider only these terms in
the expansion of (17) that give rise to poles in the integral over ¢ in (4). It
is easily shown that the only relevant term is then

f=—=v [ Dgexp [ de (=340 +H3(—7)-q(m]  (18)
If
dHA(x)_ ip-x
—dT—he (19)

then we find by (12), (13), and (16)—(19) that

H
tr%exp(—Hzt)= j dx tr(—hv)expli(p+ k') - x]

72

' k
on drlexp—TG(n,rl)wL-'-

(2n)* d(p+k')

= —rtr(/hw) PINE
1 k/2
xj duexp——u(l —u)t+-- - (20)
0 2
Substitution of (20} into (4) finally yields
di (0
—%—)24 2 7 tr(vh) 8(p + k') (21)

From (9) and (10) we see that

1 <8zxpy(2cp;<8/35x) (_2Cuu<8,8wc)>

h=—
\/E (2Cy;<8;u§x) 0

(22a)
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and
i (1)
_ 28ﬂCKFr(xr<)c' - Saﬂvgﬁleyxp 22h
v= F& 0 ( )
8“/0"5 SMCK oKy
where
Fg:c)é = ’{szr,«f - ’lcff,a + 2/128;1\)1: Com Cév

Together (21) and (22) yield
n(o) = - 16n8cxpy Cpx(Cytc,m + %g,uvrc ny Cocv)

We have thus established #(0) in our model by using a quantum mechanical
path integral.
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